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THE ANALYTIC CONTINUATION OF THE

DISCRETE SERIES. U

BY

NOLAN R. WALLACH

Abstract. This is the second in a series of papers on the analytic

continuation of the holomorphic discrete series. In this paper necessary and

sufficient conditions for unitarizability are given in the case of line bundles.

The foundations for the vector valued case are begun.

1. Introduction. In Wallach [8] it was shown that the representations of the

holomorphic discrete series of a simply connected, connected, simple Lie

group, G, "analytically continue" to give new unitary representations. In

Wallach [8] the extent of this continuation was determined for the universal

covering group of SU{n, 1) and the holomorphic discrete series of SU{n, 1)

corresponding to homogeneous line bundles over the unit ball in C". In this

paper we solve the same problem for arbitrary G (as above) admitting

holomorphic discrete series. We note that the sufficiency of the condition of

Corollary 5.11 has been proved by Rossi and Vergue by very different

methods (using techniques of [6]). They also conjectured the necessity.

This paper is quite algebraic in nature. It is more in the spirit of Harish-

Chandra [1] than the first paper in this series. In this paper we complete the

circle of ideas of Harish-Chandra [1] by giving a proof of Theorem 3 of [1]

which is in the spirit of [1]. In [1] a proof is not given. It is deferred to [2]

where the full theory of the holomorphic discrete series is used.

One of the main motivations for studying the analytic continuation of the

holomorphic discrete is to prove vanishing theorems for (0, p) cohomology of

compact, locally symmetric, Kahler manifolds. (See Hotta-Wallach [4].) That

is if a certain value of the continuing parameter does not correspond to a

unitary representation then a (0, p) Betti number is zero. Of course, one needs

to study more general holomorphic discrete series than is studied in this

paper. The general case will be studied in later papers in this series.

2. Some structural lemmas. Let g be a simple Lie algebra over the reals (R).

Let g = f © p be a Cartan decomposition of g (cf. Helgason [3] or Wallach

[9]). We assume that [f, f] = f, =*= f. If b# c f is a maximal abelian subalgebra
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20 N. R. WALLACH

of f then b* is a Cartan subalgebra of g. Let gc, fc, pc, b denote the respective

complexifications of g, f, p and Fj,. Let H G b be such that f = RiH © f,.

Then (as is well known, see Helgason [3]) we may assume that ad H\p has

two eigenvalues ± 1. Let A be the root system of (gc, b). Let AK = {a G A|ga

C ie} (a„ = {X G gc|(A, X] = a{h)X for h G f,}). Then AK = [a <E A\a{H)

= 0). Let Ap = {« G A|ga c Pc).

Let Hx = H, H2,..., H, be a basis of bR = [h G f)|a(A) G R for all

a G A}. Order bjj lexicographically relative to this ordered basis. Let A+ be

the corresponding positive roots. Let AK = A+ r\ AK, Ap~ = A+ n AP. Let

y„ . . . , yr be constructed as in Harish-Chandra [2] (see also Helgason [3] or

Wallach [9]). In particular yx, . . . ,yr satisfy:

(i) Yi is the smallest element of Ap and y, < • • • < yr and y, ± fj G A for

all I < i <j < r.

(ii) r is the split rank of g.

(iii) Let B be the Killing form of gc.

If X G b* let Hx G b be defined by B{HX, h) = X{h) for h G b. Let b" =
S;=1 Ci/y,, b+ = {h G b|y,(A) = 0, i = 1, . . ., r}. If a G A¿ then a|„- is in
one of the following possible forms:

(a) cr|y ■» — \ y, for some 1 < j < r,

(b) a|r = i(y, - yj) for some 1 < j < i < r,

(c) a|r = 0.
(iv) If a G A^ then a|6- is in one of the following possible forms:

(a) a|6- = \ y, for some 1 < i < r,

(b) a|r = ¿(y, + y,) for some 1 < i < j < r.

(v) If An = (a G A|a|¡,- = 0} then Aq c Ak (see (iii)). If a G Aq then

a ± y, G A for any / = 1, . . . , r. If a G A then at most one of a ± y,- is in A

for each i. In particular the y, are all extreme for the adjoint representation of

gc on gc hence B{Hy¡, Try,) = B{Hyp Hyf) for all i,j (cf. Moore [5]).

For proofs of these results see Harish-Chandra [2].

Let p+ = 2aeA;ga, p~ = 2aeA?g_a. Then [p+, p+) = [p~, p~] = 0 and

ad(£c)p- c P~.

Lemma 2.1. Let A0 = {a G A|a|p- # ± \y¡for any /}.

(i) A0 is a subsystem of A {that is if a, ß G A0, a + ß G A í/ie« a + ß G A0,

if a G A0, a G A).

(ii) If $ c Ais a subsystem so that A0 C $ then <E> = A0 or $ = A.

Proof. Let Ä,. = Hj(yt, y,> (here <X, it> = B(iïA, ^) for X, ju G b*). Let

/io = 2'_ iA,- a G A0 if and only if a{H0) = ± 1 or 0. a G A - A0 if and only

if a{H0) = ± \. This clearly implies (i).

Let 7j = exp(27T/' ad H0). Then t/ is an involutive automorphism of gc. If
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8(+ = {r £ Qclvix) = x]  then g+ = b + 2a6Aog£r.  (ii)  now follows from

Wallach [11].   Q.E.D.

Let 6\t = I, 9\p = - /. Let g° = b + 2aeAoflo. Then 0g° c g°. Let §° =

g n Q°c. Then g° is a real form of g°. Let f° = f n g°, P° = p n g°.

Lemma 2.2. Let g° = [p°, p°] © p°. Then g° is a simple subalgebra of g. //

f° = [p°, p°] then P = q° nland [i°, f°] # f°. // g° is the complexification of g°

then

cor cg°c.
(ii) p°c = p0+ © p0 with p0+ = p° n P+ andpö = p°c n p~.

(iii) //" &5  = b+ n g° fAe« bo" © b~ ¿s a Carian subalgebra of Q°c.

Proof. [q°c, q°c] is semisimple (see the proof of Lemma 2.1). Since g° is an

ideal of [g°, q°c], q°c is semisimple. Using the results of Moore [5] it is clear that

the restricted root system of g° relative to a maximal abelian subalgebra of g°

is connected. Hence g° is simple. The rest of the proof of this lemma is quite

easy and left to the reader.   Q.E.D.

Lemma 2.3. If ßx, . . . , ß, G A¿ and if ßx + ■ ■ ■ + ßj = y, + • • • + y.
then ß, SA/ n A° = A°-+.

Proof. Suppose that the lemma is false. Then ßx, . . . , ßs G A°+,

ßs+i' • • • » ßj e A°+, and s > 1. Let H0 be as in the proof of Lemma 2.1.

Then (y, + • • • + y,)(//0) =j. But /?,(//0) = \ for j < *. ßs+l{H0) = 1 for

t = I, . . . ,j - s. Hence {ßx + ■ ■ ■ + ßj){H0) = {- s + j - s. This is

impossible.

Let A,. = {a G A0|a|r G $-i Ry,}- Let Ajjt = A, n A,. Let 2a6A„ ga =

Pi- Let gy.c = [p>, pi] + p>. Let g,- = g n g,-c. ï, « ï n g,, ty = p¿.

Lemma 2.4. g, ¿s simple. Qj — f. © py « a Cartan decomposition and [f,, f7] =*=

Proof. This lemma is a simple consequence of results of Moore [5].

Lemma 2.5. If ßx, .. ., ß} G A/ ató 2 ßt = 27-, y, *A«i ß, G A* = A/ n
-V,, í - 1..... .y-

Proof. /?, G A°>+ by Lemma 2.3. But then /?,|r =|(y,/ + y,), 1 < t¡,
s¡ < r. 2 ß = 2^_, y,. Hence í„ í, < /.   Q.E.D.

Let pj+ and pj denote p->c f) f+ and pyc ní' respectively.

3. A theorem of Schmid. We retain the notation of §2. Since [p~, p~] = 0

we see that U{p~) the universal enveloping algebra of p" is isomorphic with

the symmetric algebra on p~. Hence U{p~) is graded by degree. Let UJ{p~)

be the homogeneous elements of degree j. lc acts on p~ by the adjoint

representation, hence on U{p~) by derivations still denoted ad.
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Theorem 3.1 (W. Schmid [7]). As a representation ofîc, UJ{p~) splits into a

direct sum 2 mXJTx (ta the irreducible finite dimensional representation of fc

with highest weight, X, relative to Aj£) with mXJ = 0 or 1 depending on whether

or not X = — 2^_, mkyk, mx> m2> ■ • •  > mr > 0, m¡ GZ and 2 m¡ = j.

Setting Xj = — (y, + • • • + y.) then every fc highest weight in UJ{p~) is of

the form 2/., n¡\ with n, > 0, n¡ G Z and 2 in¡ = j.

Set n+ = 2aeA*ga. Set í/(p-)n¿ = {« G I/(p-)|ad<n¿)- « = 0}. Set for

X G b*, U{p~\ = {w G í/(p-)|ad(/i)M = X(A)w for h G b}. Then U{p~)ni -

2 í/(p-)A n U{p-)n+* and dim t/(p")A n U{p~)ni = 0 or 1. Let Uj be a

nonzero element of i/(p_)n* n U{p~\. Then the above theorem and obser-

vations imply:

Corollary 3.2. U{p~)n* is the subalgebra of U{p~) generated by

«„..., ur.

We also need

Lemma 3.3. w, G U{pö) {see Lemma 2.2 for notation).

Proof, w, G UJ{p~)n* n t/OOy If *„ G ga - {0} has been chosen for

each  a G A  then   UJ{p~\   is   spanned  by  the  elements  of  the  forms

X_ßX_ß • • ■ X_ß, 2^=i ßj = 2^=i y,. Lemma 2.3 now implies the result.

4. The representations Va. We retain the notation of the previous sections.

Let n+ = 2aeA + ga, n~ = 2aSA + g_a. Let U = i/(gc) be the universal

enveloping algebra of gc. The Poincaré-Birkhoff-Witt theorem implies that

U = t/(b) © {n~U + Un+) (here Í7(b) is the universal enveloping algebra of

b). Let P: U -* U{lf) be the corresponding projection. If A G b* extend A to

a homomorphism of i/(b) to C in the usual fashion. Let for g G U, |A(g) =

A{P{g)). If / G U* and x G U define {x -f){g)= f{gx). Then U* becomes

a {/-module. Let for A G b*, Va = U ■ £A. Then Va is an irreducible gc

module (see Wallach [10]). Let a be the conjugation of gc relative to g (that is

a{X + iY) = X - iY for X, Y E g). Let tj: U^ U be defined by: tj(1) = 1,

t){X) = - a{X), X G gc, V{xy) = rj(y)r,{x) for x,y G U.

Definition 4.1. A representation {it, V) of gc is said to have highest weight

A if there is v0 G V, v0 ̂  0 so that

(1) ir{h)v0 = A(A)t>0 for A G b,

(2)w(n+)t)0 = 0,

(3) w{U)v0 = V.

Lemma 4.2. Let {it, V) be a representation o/gc with highest weight A. If ( , >

is a Hermitian form on V so that

(1) <ü0, voy = 1 (u0 as in Definition 4.1).

(2) (ir{x)v, w} = -<t>, 7t(.x)m>>, x G g.
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Then A G b£ that is A (bg) c R) ató 0<*) • % w(.y) ■ o0> = £A{ti{y)x), for

x, y G U. If A G bR íAen <7r(x) • u0,7r( v)t>0> = £a(t/( v)x) defines a form on

Va satisfying (1), (2).

Proof. We note that T)(n+) = n" and i?(n") = n+. Thus P{r¡{u)) =

r¡{P{u)), u e U. If A G bR then r\{h) = b 0'bR C g). Hence

A(A) = <7r(A)t>0, t>0> = <u0> w(A)%> =A(A) for A G bR. Hence A G bR. Now

(2) implies <.ir{x)v0, ir{ v)t>0> = <>(•»}( v)x)ü0, c0>. But if a{z) = <>(z)uo, t>0>

then a(zn+) = a(n~z) = 0. Hence a{z) = a(P(z)). If A G £/(b) then tt(A)ü0

= A(A). Thus a{z) = £A(z). But then (tt{x)v0, t{ v)u0> = £AC»?(.y)*)- The last

statement follows from the fact that one can define a unique homomorphism

of gc modules F-> FA by x-v0^>x (cf. Wallach [9, Theorem 4.4.5]).

Q.E.D.
In this paper we will study some very special A. In a later paper in this

series we will study the most general A for which the form defined in Lemma

4.1 can be positive definite.

Let A, be defined by

(a) Ax{Ha) = 0, a G A*,

(b) 2<A„ y,>/<y„ y,> = 1.
We will be studying only A of the form zA, with z G C.

We note that Va = U- |A. Since n+£ = 0 and t/(b)£ = C£ we see that

Va = t/(n~)£A. If A = zA, then since fc = r£ © b © n¿ we see that

¿*ZA,lt/(rr) is the corresponding "£A" for ic. Hence U{îc)- £zA¡ is irreducible.

But by definition of A, the irreducible representation of fc with highest weight

zA, is one dimensional. Hence VzAl = U{p~)i-zA¡.

Let ux,...,ur be as in §3. Let Uk" — • K{p~) = ad( U{lc))uk> ■ ■ ■ up. Then

U{p~) = 2*.>0,*(ezi/*'.HP~) and Uk'---^{p~) is the irreducible repre-

sentation   of   fc   with   highest   weight   2 A,X,.   By   the   above   V*A>   =

2 j/*,-HP^zA, and i7*"-,A'(p_)|zAi is the irreducible fc representation

with highest weight zA, + 2 k¡\. Let V¿A[    K - £/*'.*'(f_)£A,-

Lemma 4.3. A necessary and sufficient condition for VkA'    * ¥= 0 is that

Proof.  Let ¡x  be  the  anti-automorphism  of   U defined  by  ¡J.{xy) =

MOO m(*), MO) = 1, MO) " - *> ̂  G 9c- Let {*>.y} " W^OO*)- Then
(Am, v] = - {«, Xv) for A' G gc. It is easily seen that the dual representation

of kc on Uk.k'{P~) is t]{Uk.•kr{p~)). Hence { , } sets up a ïc invariant

pairing of t)({/*" •; • ' \p_)) and (/*'.Hp~)- Now the irreducibility implies

that

I   '   )|t,([/*I.kr(t>-))XUk>.*<»")
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is either zero or a nonzero multiple of the canonical pairing. But then

{ ' }\r,(Uk'.Hv~))xuki.Hi»-) ^ ^

if and only if Pk¡      K{z) ̂  0. In particular, we see that if Pk.K{z) ^ 0

then VzkA\_K ̂ 0 and if Pk{.k{z) = 0 then {U{p+), Uk"•"'•'*<*»")} ■ 0-

But if x, y G U then {xn~,y} = 0. Arguing as above we find {x[îc, ïc],

y} = 0. Thus if {í/(p+),.y} = 0, v • tA( = 0. Hence if Pk¡.k (z) = 0 then

»*'•• ■^'U = 0.    QE.D.

5. Inf¡nitesimally unitary modules.

Definition 5.1. Let (77-, V) be a representation of gc. Then {it, V) is said to

be g-infinitesimally unitary if there is a Hermitian positive definite inner

product < , ) on V so that (tt{x)v, vv> = — <t>, tt{x)w) for x G g.

Lemma 5.2. TAere ex/sis a representation of gc wíYA highest weight A wA/cA is

Q-infinitesimally unitary if and only if Va is Q-infinitesimally unitary. VzA[ is

Q-infinitesimally unitary if and only if z G R ató Pk k{z) > 0 /or all

fc„ ..., kr S Z, A:,. > 0.

Proof. The first statement is an immediate consequence of Lemma 4.2.

The second is a consequence of the proof of Lemma 4.3.

We now come to the critical observation.

Lemma 5.3. VzA{ is Q-infinitesimally unitary if and only if the irreducible

representation of g° with highest weight zX, defined with g replaced by g° is

Q°-infinitesimally unitary.

Proof, u, g U{pô) and g° = (n~ n g°) © (b n 9°) © (n+ n Q°c). Thus the

functions Pk       k (z) are computed in t/(g°).   Q.E.D.

Let g„ = ï + ip. Let t be conjugation in gc relative to g„. Let {Ea} be a

Weyl basis of gc relative to (g„, b}- That is

(i)r£a = - E_a,

(ii) [Ea> E_a] = Ha.

Then a^ = - E_a for a G A^, oEa = E_a, a G AP.

Lemma   5.4.   Let   a,, . . . , a,,   /?,, . . . , /?   G Ap    /Aen   /(z) =

£za,(£/3 ' ' ' Eß-E-a ' ' ' ^-a) 's a polynomial in z of degree at most j.

Furthermore f is of degree j if and only if there is a permutation of {1, ... ,7'},

S, so that aSi = ßj. Finally, if there is such a 8 the coefficient of zJ in f is

positive.

Proof. By induction on j. Uj = 1 then izA(EßE_a) = £zAi{[Eßi, E_aJ). If

ßx * a, then [Eßi, E_a¡] G [ïc, fc] and £A,([fc, fc]) = 0. If /?, = «, then

tlA,iEß,, E-a) = z^iiHß). Since A,(^) > 0 for ß G A£ the result follows

for!/='l.
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Suppose the result is true for 1 < j < k — 1. Suppose/ = k. Then

tzhAEßx '   '   '   E&E-<*> '   '   '  E-*)

/'= 1

If & * q for any/ then [£A, E 1 G [Ic, fc] for all/. Since [ïc, ÏC]|2A| = 0

we see that if ßk •>- a, for any i then the right-hand side of (*) is of the form

k k

2     2    &a,(£/j, • • • £&_,£-«, • • • £-o,+, • • •
(=1    7=/+l

But [[£Ä, £_„,], E.^J ^= 0 only if & - a, - a, G Ap. Thus if & =t a, for

any / we see that/is of degree at most k — 1 by the inductive hypothesis.

We note that the argument above also shows that the terms in the sum on

the right-hand side of (*) with a, ^ ßk are polynomials of degree k — 1 or less

in z. We may relabel so that a,, . . . , as = ßk> as+J ¥= ßu,j = 1, . . . , k — s.

Hence

fi*) = 2 U,(ßß, ■ ■ ■ Eßk_E_ai ■ ■ ■ [Eßk, £_ j • • • E.J + A(z)
¿=i

with A(z) a polynomial of degree at most k — 1. But then

m = 2 M** • • • E&-,E-«, ■ • ■ *-«-ä*-*., ••*-*)<—i

-2 U,(//Ä)- i <«,,&>)
Í-1   \ y=,+l /

• &A, (^8, •  *   '  Eßk.,E-a2 ■  ■  ■  E-at )•

Since Ax{Hß) > 0 the result now follows from the inductive hypothesis.

Q.E.D.

Lemma 5.5. Pk k is a polynomial of degree t = 2 ik(. Furthermore

Pk.k{z) = Ck     ¡.z* + lower order terms and {—l)'Cki     kr > 0.

Proof.    Let   X = 2 k¡\.   Let   w =  uk' • • • ukr.   Then   w =

2 as¡ __SE_S ■ • • E_s the sum taken over all Sx, . . ., 8, G Ají, 2 8¡ = -X

and distinct up to permutation. -q{w) = {- 1)'2 as¡...sEs¡ • • ■ Es. Thus

(-l)'A..*<*) "2 ««,..-»S.-« U(E», • • • V-* • • • *-»>
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Thus modulo polynomials of degree / — 1 or less

(-i)'^,.*(-)-2K-*lWV " ' Es'E-°>' ' ' *-*)•
The result now follows from Lemma 5.4.

For the remainder of this section we wish to determine precisely when the

polynomials Pk (... » (z) are nonnegative. To do this we may assume A = A0

(see Lemma 5.3). We make this assumption for the next few results.

Lemma 5.6. If 1 < j < k < I then [E±yk, «,] = 0.

Proof. «, = 2 as ...SE_S¡ • ■ • E_s the sum taken over all distinct

8X, . . ., 8j G A¿ so that 2 8¡ = 2J¡. x y/. But now if as¡..., ¥= 0 then 5, = {-(y,.

+ ys), 1 < i, < n < r. (We are assuming that A = A0!) But 2 Ô, = 2-j_, y,.

Hence 1 < t¡, s¡ < /. If k >/ then [E±rt, E_s] i- 0 only if ±yk - 8¡ G A.
But {±yk — §,)!,,- = ± yk - i(y( + ys) with /,, s¡ < k. This is not one of the

forms of §2 (iv).   Q.E.D.

Lemma 5.7. If k > 0 and EyukizAt = 0 then w*4Ai = 0.

Proof. [fc, íc]h*£zAi = 0. (We are assuming that A0 = A. In this case

<\., a> = 0 if a G A*.') Suppose that Ey m*£zA| = 0. Then if Z G [ïc, fc] we

see 0 = ZEyukízAi = [Z, Eyr]ur%Al- Hence (adV([/cc, kc])Ey)urkU, = 0. But

then p+urki-zAi = 0 (y. is the highest root). Since nKuk^zA¡ = 0 we see n+ •

"*£za, = °- But then w*£zA| = c£zAi. But k > 0 hence c = 0.'  Q.E.D.

Now ur = 2 oßi...ß E_ßt • ■ ■ E_ß. The sum over /?„ . .., ßr G Ap,

2/-i ßj = 2'_! y. We may clearly assume /?,<••• < ßr. Since ßr < y. we

see ur = vE_y + w with

» =   2    -¿. -Ä^-A • • • £-ft'        ü e ^GV-i)-

Here p~_, = 2 ga where a|ft- = ¿(y, + y), /,/ < r — 1. The argument of the

proof of Lemma 5.6 implies that [£Y, ur] = uf/Y + [Ey, w]. Furthermore by

the form of w we see easily that

[E%, W]   -  W,  +     2     *„£„, *!> "a  £   ̂  (* ")•
aeAJ

Now if Z G njj, [Z, £J = 0. Thus if Z G n¿

0 = [Z, [Eyr, u,]] =[Z, p]jfiTYf + v[Z, Hyr] +[Z, wx]

+   2   [Z,wa]Ea+   2    wa[Z,£a]

= [z,t,]^-r[z,w,]+ 2  «A     c.ei/(r).



ANALYTIC CONTINUATION OF THE DISCRETE SERIES. II 27

Hence [Z, v] = [Z, wx] = 0. But it is clear that [A, v] = (\ + yr){h)v, [A, w,]

= (Xr + yr\h)wx. Since Xr + y. = Xr_, we see that v = c,Mr_„ w, = c2ur_x.

Hence ur = c,«,.,^.^, + w, with w as above.

Lemma 5.8. Let the notation be as above. Then c, =*= 0.

Proof. We first observe that if Kc is the group of automorphisms of gc

generated by the exp(ad X) for X G lc. Then Ad(ÄTc)(£_Yi + • • • + E_y) is

open and dense in p~. This can be seen in several ways. The easiest is to note

that if a = 2;=1 R(£?i + E-y) tnen a is maximal abelian in p. Then use the

fact that Ad(XT)a = p (here K c Kc is the subgroup generated by the

exp(ad X), X G ï).

But then (E + • • • + E_y)r is a cyclic vector for Ur{p~) as a repre-

sentation of ïc. Hence if {E_yr + • • • + E_yJ- £Ai = 0 then Ur{p~) |Ai =

0. But -A, is the lowest weight of Va' (dim VAi < oo) and since A0 = A,

A, = {-{yx + ■ ■ ■ + yr). Thus U°- ••- \p~)tAl * 0. But Uf> ■ ■ ■ 0- *A, =
0 if 2 ÍA¿ = r, A:,, a* 1. Hence Ur{p-)tA] = ^d.o,i- Also 2<A„ y>/<y, y,>
= 1 thus ElyÇAi = 0,/ = 1, . . . , r. Let g: C/r(p") -* IT%- ■ ,ftl(p") be the fc

invariant projection. Then since

(*-, + ■••+*.,)'-2 „^.^«V^ Yr

we see Q{E™<yi ■ ■ ■ E\) = 0 if some ny ¥= 1. Hence Q{E_y¡ ■ ■ • E_y) =

cur, c j> 0. This clearly implies c, ?= 0.   Q.E.D.

We may thus assume

M, =  "r-l£-Tr  +  W,»      *V 2 <*ß, ■   ■   •  ßrEß, •   •   •   •
ßl <  ■ ■ ■   <ßr

ft*?,

Lemma 5.9.

[Eyr, ur] = ur_xHy + j (yr, yr)crur_x +   2  waEa

with wa G U{p~) and cr is the order of Cr = {a G Aj£|a|ç- = j(y. — y,) /or

some j < r).

Proof.

"V- 2 aßi...ßE_ßr ■■ E_^.

2ä=2y,

But then ß_,|r = £(y, + y), &|6- = ±(y, + y) with/ < / < r. Hence

a,/S e C,
a< 0
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with zaß G U{p~_x) (see the end of §2 for notation). Now if a G Cr, ß G

Ar+_lrf) then a - /?|¡,- is not of one of the possible forms for a restriction of a

root to \f (see §2(iii), (iv)). Hence [Ea, t/(p~_,)] = 0 for a G Cr.

Now if a G Cr then 0 = [Ea, ur] = ur_x[Ea, E_y) + [Ea, wr]. Thus [Ea, wr]

= - ur_ ,[£„, £_y ] for a G Cr. This implies that if 5 G Cr

- ur_x[Es, E_y] =    2    *aj,[E»> [Eß> E-y,]][E*> E-y,]
a,ß e Cr

a< ß

+     2     *aÄEß>E-y}[Es>lE«>E-y]\
a,ß e c,

a<ß

We therefore see that

(i) If 8 G Cr then

2     *«¿[£4. [^£-t,]]  +    2     Za,s[ES> [E«>E-y,]] *  -"r-1-

0 e Cr « e cr

If ß G Cr then /? + y, g A and /? - 2y. g A. Thus we see (cf. Wallach [9,

Lemma 3.5.12]).

{v)[Eyr,[Eß,E_y)]= -\{yr,yryEß.

We now compute [E , wr].

= 2  ^tfM^*-*]]IA.*-»]
a,/S € C

-"I     2     za;,{£,[£a,£_YJ+[¿í,,¿s_Yj£2}

«,)8 e c,

= -5-<Yr>Y,>    2     zaJi[Eß,[Ea,E_yr]]+   2   »«£«
Z a < 0 « eA¿

<*,/BeC,

with t>6 G í/(p").

If a,ß G Cr then a + ß G A.  Hence if a, ß G C„ [Eß, [Ea, E_y]] =

[Ea, [Ep, E_y]]. Henee (i) says

(»O 2a</WJeCr zaß[Eß, [Ea, E_y]] = - i ur_,.

This combined with the above computation says

(iv) [Eyr, wr] = - <yr, Yr>cr«r_, +   2    ««£«.

cr the order of Cr.

Since [is^, «r_, £_YJ = ur_xHy the result now follows.   Q.E.D.
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We can now prove our main result. We return to the original assumptions

on g (that is we do not necessarily assume that A0 = A).

Theorem 5.10. Let for 1 < j < r, c, be the order of C} = {a G Aj£|a|r

= i^"tj ~ Ti)> ' </}• Then VzA' is infinitesimally unitary if and only if z <

— \cr or z = — | Cj for some 1 < / < r. (A/oie c, = 0 ató Vo is the trivial

representation.)

Proof. We must find the set of all z so that /*,...,*(*) > 0 for all

kx, . . . , kr > 0, kjGZ. We first note that if / = 2 ik, then Pki ( ¿ (z) =

Q„...,kz' + lower order terms and (— 1)' Q ...* > 0. This implies that if

zk„....*,= minízl^,.K{z) = 0} then if z < z^     .K, Pk.k{z) > 0.

To compute the Pk k (z) we may assume A = A0. For the remainder of

the proof we do this. Pk       k (z) = 0 if and only if ux' ■ • ■ u^ ■ £z¡ = 0.

(1) If Pk.k,{z) - o','K > 0 and z < - ± cr then Pk.^,+1>Är_,(z) =

0.

Indeed, ^       ^ (z) = 0 if and only if «*• • • • uk'£zA¡ = 0. Now

Eyuk' ■ ■ ■ urHZAt = uk>- ■ ■ urkrx'EyurHzA¡

(by Lemma 5.6)

K

= 2 uxk^--ukL-i[Eyr,uryr-%
/=i

= 2 «,*■-•• m*i-,' «*'-'(",_i^yr + 4 cr<yf, yr>"r-i)"/_1C,

/        M*r - 1) 1 \
= (- 2 <Y„ tr) + *MHr,)K + £ *,<Y„ Yr>*,J

•«,*' •   •  •  UkL-x' + 1U^    ' • £.'2, A*

Now

A,(i/J = Ax(Hy¡ ) = I <y„ y,> = \ <yr, yr>.

Hence if Pk.k{z) = 0,kr> 0, then

fc,^^ {"(*, -  1) + Z + Icr}Wf. •  •  •  K/LÏ + V^A, = 0.

If z < - \ cr then ux' • • ■ "/r,' +V^'Ca, = 0 as asserted.

Arguing by induction we therefore see

(2) If Pku.     k{z) = 0 and z < - \ cr then Pk¡.kr_¡+K,0{z) = 0.

Now Lemmas 2.4 and 2.5 imply that Pk¡ *,o, ...,o(z) for / </• are

computable in g.. It is easily proved that 0 = c, < c2 < • • • < cr. Thus we

find by induction
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{3)Pki.^(z)^Oifz < -^crandÂ:, G Z, k¡ > 0.

(3) combined with the observations at the beginning of the proof implies

(4) If z < - \ cr then Pk¡      k{z)>0, for all k¡ G Z, k¡ > 0.

We next observe

(5) Let Çj = P& s , the usual Kronecker delta. Then

o,.(z) = a,n-j_,(z + ¿c,)."

Indeed, qr{z) = 0 if and only if ur • l-zA] = 0. Lemma 5.9 then says qr{z) = 0

if and only if (z + \ cr)ur_x^zA¡ = 0. That is if and only if (z + \ cr)qr_x{z)

= 0. The result follows by an induction on r.

Clearly (- lyo, > 0. This says that if - \ cr < z < — \ cr_x then qr{z) <

0. Similarly if ~\ c}<z < -\ c,_, then q^z) < 0. Also if z > 0 then

qx{z) < 0. Hence the only z> - \cr for which VzA< can possibly be

unitarizable are z = — | c¡ for some 1 < / < r.

But if z = - {- Cj then Pk. k{z) = 0 if k¡ > 0 and / > /. One proves as

above that if k¡ = 0, / > / and if'z < - \ Cj then Pk.K{z) > 0.   Q.E.D.

Corollary 5.11. A necessary and sufficient condition that Pk.K{z) > 0

for all kx, . . ., kr > 0, k¡ G Z, is that z < —\ cr.

6. The general case. In this section we consider more general A G b*- If Va

is infinitesimally unitary it is easily checked (cf. Harish-Chandra [1]) that

(1) 2<A, «>/<a, a> = na G Z, na > 0 for a G A¿,

(2)<A, a> < 0 for a G A/.

If A G b* satisfies (1) then A = Aq + zA, with <A0, Hy<} = 0 and <Aq, a> =

<A, a>fora eAt+.

To study this case we give a different realization of Va. We note that

U= t/(fc)©(p-i/+ Up+).

Let Q: t/-» U{lc) be the corresponding projection. If X G lc, u G U, then

XQ{u) = Q{Xu); Q{uX) = Q{u)X. (Indeed, u = Q{u) + Zxw + wZ2, Z, G

p~,Z2Gp+,Xu = XQ{u) + XZxw + XwZ2. XZxw = [*, Zx]w + ZxXw G

p-U.)
Let WA be the irreducible representation of fc with highest weight A. We

note dim WA < oo if and only if A satisfies (1) above. If/: U -* W is linear

define {g • f){x) = f{xg), for x,g G U.
If w G W let e{w){g) = 0(g) • w. e{w): U-> WA. e{w){p~U) = 0, p+e{w)

= 0. Let ZA = U- e(I^A). We note that as a gc module ZA is equivalent with

Va. This is an easy consequence of Theorem 3.1 in Wallach [10].

Suppose now < , > is a Hermitian form on ZA such that (X • v, w} =

— <t>, Xw} for X G Q. Then (xe{w), ye{v)} = <ij(y)xe{w), e(t>)>. Now t/(P+)

= P~, VÍP~) = P+- Hence we see (T¡(y)xE{w), e(u)> = <ß(Tj(v)x)e(w), e{v)}.
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Now if u G U{îc) then ue{w) = e{uw) (indeed, {u ■ e{w)){g) = e{w){gu) =

Q{gu)w = Q{g)uw = e{uw){g)). Hence

(3) (xe{w),ye{v)} = <e{(Q(r,(y)x)w), e(t>)>.

Now in particular (Xe{w), e(u)> = -<e(w), Xe{v)}. Hence {w, v) =

<e(w), e(t>)> defines a ï-invariant Hermitian form on WA. Thus A = zA, +

Ag, z G R. Since for z G R there is a unique (up to scalar multiple) invariant

Hermitian form on WA we see that if we fix a positive definite Hermitian

form on WA, {, ) then up to scalar multiple < , > is given by

(4) (xe{v),ye{w)} = {Q{r,{y)x)v, w).

Let TA(w)t> = Q{u)v for u G U, v G WA. Then we see

Lemma 6.1. A necessary and sufficient condition for Va (= ZA) to be

Q-infinitesimally unitary is that rA{-q{y)y) be a positive semidefinite operator for

y G U.

We now note that if z G U{tc) then

^AÍVÍyz)yz) = TAir¡{z)r¡{y)yz) = ta(tj(z))ta(ii(» y)rA{z).

But (ta(t/(z))u, w) = {t]{z)v, w) = {v, zw) for v, w G WA, z G U{tc). Hence

if z G U{îc) then ta(tj(z)) = ta(z)* (Hermitian adjoint). Hence

(5) ta(t,(yz)yz) = ta(z)*ta(t,(v)v)ta(z), forz G U{lc),y G U.

Now ZA = U{p~)U{îc) G {WA) = U{p~) G {WA). Hence we see

Lemma 6.2. If A = zA, + A0, z G R. Then a necessary and sufficient

condition that Va be Q-infinitesimally unitary is that ta(t/(«)w) be positive

semidefinite for u G U{p~).

Lemma 6.3. Fix Aq satisfying

(1) 2<(A0, ol)/(<x, a) is a nonnegative integer for a G AK.

(2) <A0, y,> = 0.
Ifßi,..., ßj, ax,..., otj G Ap- then

fi*) = TzA.+Aoi^, •  •   •  Eßj E_a¡ ■  ■   ■  E^)

is a polynomial map of degree j of C into End( W^ {W¿. = WA as a

representation of [fc, ïc]). Furthermore f is of degree j if and only if there is a

permutation of 1, . . . ,/, 5, so that ßSi = a¡ for i = 1, . . .,/. Under this

condition f{z) = zjAj + 20<,</ z'A¡ with Aj positive definite.

Proof.   By   induction   on /.   If / = 1   then   rzA¡+Ao{Efi¡   E_a¡) =

tzA,+a0([£/v £-„,])•   If   ßx * «,   then   [Eßt, E_a) G \le, ÏJ.' But  'then

^A.+Aoit^,, £-„,]) = Th&Eßt E-aJ) which is independent of z. If /?, = a,.

Then   rzAi + Ao{Eßi   E_a) = rzAi+Ao(Hß).   Now   Hßi   = cH + Hp¡   with

B(Hßi, H) = 0. Thus

0ÁH) i
C      B{H, H)       B{H, H) '



32 N. R. WALLACH

Now TzA¡+Ao = rzAi ® tv Henee

(TzAl+Aa)(#/?, ) = t*a,+a,( b{H,H) H + **ß> )

= mm w*> • i* ' • ( B007 '*<*>+**«* ))•
Now AXT/) > 0. (Indeed Ärj = B{H, H)~lH + Hy¡ Ax{Hy) = <y„ y,>/2.

Thus AX{H) = <y„ yx}/2B{H, H) > 0.) Hence

t,a1+aÄ £-/3, ) - B,¿ H} i + c>       c independent of z.

Suppose that the lemma has been proved for 1 < / < k — 1. Suppose

/ = k. Then

rA(Eßt' ■ • EßkE-a, ■ '£-«)

= 2 rA(Ep¡ ■ ■ ■ Eßk_t E_a¡ ■ ■ ■ [Eßk, £_,] ■ • ■ S_J
/ = i

k k

= 2      2    ta(^, • • • Eßk_E_
¡=\ j=i+\

[[*k. *-«M-%]-••*-%)
*
2i=i

+ 2  ta(£Pi • • • Eßk_ E.ai

E_^E_^--E_JrA([EßkE^]).

All the terms in the first part of the summation are of degree k — 1 by the

inductive hypothesis. Only the terms with ßk = a, in the second term can be

of degree k. The case/ = 1 and the inductive hypothesis complete the proof

of the lemma. (The details go the same way as the proof of Lemma 5.4.)

Lemma 6.4. If u G Uj{p~), v G Uk{p~) andj ¥= k then ta(t)(u)w) = 0.

Proof. Let H be as in §2. Then ad H ■ v = — kv, and ad H ■ u = — ju.

TA(r,i[H,v])u) - TAir,{Hv)u) - rAir,{vH)u)

= TAir¡{v)Hu) - TAiH-q{v)u)

= rA{n{u)Hu) = TA{H)TAir,{v)u)

= rA(n{t>)Mu) - TAir,{v)u)TA{H)

= rA(-n{v)[H,u]).

The lemma now follows.
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We note that Lemmas 6.3 and 6.4 imply (cf. the proof of Lemma 5.5) that

if w G U{p), «^0 then rzA¡+Ao{rj{u)u) is positive definite if z is sufficiently

negative. Thus rzA +A {t]{u)u) is positive definite at least until the first zero of

its determinant. This observation combined with Theorem 5 and Lemma 2.1

of Harish-Chandra [1] implies

Theorem 6.5 (Harish-Chandra [1]). If A satisfies (1) above and <A +

p, ß~) < 0 for ß G Ap then Va is Q-infinitesimally unitary.

This result was originally proved by Harish-Chandra by showing that if

<A + p, ß} < 0 for ß G Ap then Va is the representation of gc on the

/^-finite vectors of a holomorphic discrete series representation.

We will return to the general question of when Va is g-infinitesimally

unitary in a later paper in this series.

7. Relations with the Weil representation. Let G be the metaplectic group

Mp{n, R). That is, G is a double covering of Sp{n, R) {Sp{2n, R) to some).

Recall that Sp{n, R) is the group of all 2« X 2« real matrices satisfying

gJ'g = J

with

1-7    0."
Let g be the Lie algebra of Mp{n, R) (or SP{n, R)). Then as is well known

g is simple and satisfies the hypotheses of §2 (cf. Helgason [3]).

We fix the Cartan involution on g, 9{X) = -'X. Then I is isomorphic with

the Lie algebra of the unitary group. In this case I = r = n. Furthermore the

roots (in the notation of §2) are given as follows:

(l)A;={i(y. + y)|l < /</<«},

(2)A- ={i(y,.-y)|l< j < i < n).

y, is the unique simple root in Ap and yn is the largest root of A. If c, is as

in Theorem 5.10 then c, = / - 1, / = 1, . . . , n. In this case Theorem 5.10

becomes

Theorem 7.1. VzA' is infinitesimally unitary if and only if z < —{n — l)/2

or z = - j/2,j = 1, 2, ...,«- 2.

The representations VzA<, z = - j/2, j - 1, 2, . . . , have an interesting

interpretation in terms of the Weil representation.

We first recall the definition of the Weil representation. Let (, ) be the

standard inner product on R". Let R2" be looked upon as column vectors

[J],       x,vGR".
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Define B{[xy], [   ,]) = (*,/) - (v, x'). Let Hn be the Lie group R

with multiplication

2n XR

x + x'

y+y'
,t + f + JE-([ïr'H[?H-

The "standard representation" of Hn is given on L2(R") as follows:

(T(([ y ]' '))y)(z) = expM'+ (*z - s >)))/(* - y>

It is easy to check that {T, L2(R")) defines an irreducible unitary repre-

sentation of Hn.

Let %„ = T{H„) c U{L2(Rn)) (the unitary operators on L2(R")). Give SC„

the subspace topology. One notes that T: Hn/{0, Z)^>%n is a homeomor-

phism of topological groups.

Let G0 be the set of all g G U{L2{R")) satisfying

«T([J]'')*",-r( , t

for all [J] G R2", / G R. If we set for g G G0, v{g)[*] = [£]. Then giving G0 the

subspace topology in U{L2{R")) we see that

{a)p{g)GSp{n,R),

(b) v. G0 -» 5/7 («, R) is surjective and defines a continuous homomorphism,

(c)Ker»' = (X/| |X| = 1}.

Let G, be the commutator subgroup of G0. Then v. G, -» S/>(n, R) is a

double covering. This gives a realization of Mp{n, R). The Weil repre-

sentation is given by taking an isomorphism W of Mp{n, R) with G,.

{W, L2{R")) then defines a representation of Mp{n, R).

We note that the space of C00 vectors of the representation (T, L2(R")) is

S(R") the Schwartz space of R". By definition of G0, W{g): S(R") -> S(R")

for g G Mp{n, R). It is easily checked that S (R") is (at least) contained in the

space of C°° vectors for (if, L2(R")).

Thus W induces a representation of Mp{n, R) on S (R"). We normalize the

homomorphism of Mp{n, R) into G0 as follows: let n be the subalgebra of g

consisting of matrices of the form

Z{X) = X
0

'X = X,   X,   nX n,

and n the subalgebra consisting of matrices of the form

Z{X) = 0
X

'X = X,   X,   nX n.
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Define   for   X   a   real   n X n   symmetric   matrix   {p{X)f){z) =

txp{i{Xz, z)/2)/(z). If/ G §(R"), define

(f/)(z) = {2tt)-"/2 [ e~i(z'x)f{x) dx.

Then

{l)fi{X)T{z,t)vL{X)-1 = T{exp{Z{X))z,t),

(2) ^T{z, O^"1 = T{-Jz,t).

From (1), (2) we find
{3)<»ii{X)^-iT{z, t)<€ii{X)-^-x = 7(exp(Z(-A-))z, t).

It is not hard to check that G, is the closure in G0 of the subgroup

generated by the ¡x{X) and ^(X)^"1, X running through the n X n

symmetric matrices.

We normalize W by

(4) W{exp{Z{X))) = p(X),

(5) W{vy(Z{X))) - %n{-X)®-\
{W, L2{R")) (also denoted {Wn, L2{R"))) is called the Weil representation

of Mp{n, R).

Let for k G Z, k > 1, Mnk{R) be the space of all n X k matrices. As a

vector space Mnk{R) is just Rnk. Let Mnk(R) X M„k{R) be the space of

columns

X,YGMn<k{R).

Define

B X
Y

X'
Y'
;; ]) = tr('^y) - tr('y*')-

Let 4>k: Sp{n, R) -> Sp{nk, R) be defined by

= g

Then \¡,k has a lift, $k: Mp{n, R) -+ Mp{nk, R). Let Wnk be the Weil represen-

tation of Mp{nk, R). Let Wk{g) = Wnk{4>k{g)) for g G Mp{n, R). Then {Wk;

L2{Mnk{R))) is a unitary representation of Mp{n, R).

Theorem 7.2. Let L2{M„,k(R)) = {/ G L2{M„¿{R))\f(Xg) = fi*) for g G

0{k)} {0{k) is the orthogonal group of Rk). Let Tk{g) = rVk{g)\^Kkm:

Then with an appropriate choice of b and A+, {Tk, L0{Mnk{R)) gives a

realization of V~(k/2)A* k = 1, 2, ... . {The choices will be clear in the course

of the proof.)

Proof. We will also use the notation Wn for the differential of W„ on

S (R"). Then
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(1) W„{Z{X))f{z) = i{Xz, z)f{z)/2 for / G S(R") and 'X = X, X and
n X n matrix.

(2) {W„{Z{X))f) = (//2)2 Xyd'f/dZjdzj for/ G S(R"), 'X = X.
We take for b* C f the subalgebra of matrices

h{D) = 0       D
-D     0

D = diag(X,, . . . , X„), X, G R (diag(X,, ..., \) is the diagonal matrix with

diagonal entries X,, . . . , XJ. Let A,- = /A(diag(S,y, . . . , 8nJ)), j = 1, . . ., n.

Then Wn{hj) = i(92/dx2 - x2),] = 1, ...,«. A„ ..., A„ span bR = ffi#.

We take the lexicographie order on A, the roots of gc relative to b (the

complexification of b*), corresponding to the ordered basis A„, A„_„ . . . , A,.

Let Mnk{R) have coordinates Xß, j = 1,.. ., n, I = 1, .. ., k. Then it is

easily seen that

(3) wk{hj) -¿2?.i07a*j - x2).

Set

A* = i ( ixj,+ ** )' 4»" = i ( 3^; "x* J

onS{Mnk{R)). Then

(4)M/^-]-6}A7.
(5) ̂ (A,) - -2*., ¿/¿/ + {k/2)I.
{6)[AJt,Ar:] = [AJT,A-] = 0.
Let «foW = exp(- {- tr{'XX)) and set 4>0 = ||^>0II ~ Vo (II • • • II wil1 always

denote L2 norm). If J = (Jrs) is an n X k matrix with/„ > 0,/„ G Z, define

(7) h = out/jtr'/xo«-)*- • *<>•
Then the theory of Hermite functions implies that the \pj form an orthonor-

mal basis of L2(M„>/t(R)) (cf. Wiener [12]).

It is easily checked from

(8) a;s<?o = o
and (4), (6) that

(9) A¡A;*j = {Ja + Wr
Hence

(10) WfiWj = {-k/2 - 2f_ ,/«)*,.
This implies that Wk is b-finite and the weights of Wk are bounded above

relative to A+. Since Wk is unitary this implies that {Wk, L2{Mnk{R)) splits

into a countable direct sum of irreducible unitary representations with highest

weights. Using (10) and the fact that relative to the above order of A+,

y¡{hj) = 28¡j. To prove the theorem it is enough to show

(11) If / G 27 C\pj (algebraic sum) satisfies

(i)/(Ag)«/(*)forgeO(*),
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(iï)Wnk{n+)f=0,

then/= c</>0, c G C.

Using (1), (2) it is easy to find W{n+).

W(n+) =  2   C( 2 AfAf j +2       C( 2 AJA A       (12)
ij-i       \l=\ j        \<s<r<n       \/=l /

Let % = 2 C^y (algebraic sum). If / G %, then <i>0-1/ is a polynomial

function on Mnk(R). Let 9{Mnk{R)) be the space of all polynomial functions

on Mnk{R) then clearly % = 9{Mnk(R))<¡>0. Using this observation (11)

reduces to

(13)If/GÍP(A/n.,(R))and
(i) 2*_, dJ/dXydXg = 0,i,l=l,...,n,

(ii) 2*_, XrJdf/dXjj = 0, 1< / < r < n,
{iii) f{Xg)=f{X) for g G 0{k).

Then/is constant.

But after successive polarizations (Weyl [13, p. 5]), / becomes a trace free

tensor invariant for O {k). Now Theorems 5, 7E, F, G and H of Weyl [13, pp.

157, 158] imply that/must be constant.   Q.E.D.
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